ECONOMICS QUALIFYING EXAMINATION IN
ELEMENTARY MATHEMATICS

Wednesday 26 April 2000 1.30 to 4.30

This exam comprises two sections. Fach carries 50%
of the total marks for the paper. You should attempt
all questions from Section A and two questions from

Section B.

You are reminded that only the approved calculators
may be used.

Graph paper and Mathematical Tables are provided
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SECTION A

1. (a) Find the derivatives dy/dz of:

. (22 —22+3)2

i. y=-—1

33 — 2241
ii. y=1In <2z+3)

(b) Find the partial derivative with respect to x of the function

flz,y) = (2° = 22y + y°) (z — 2y)°

2. (a) Let C(q) represent a firm’s total cost function, where ¢ denotes
the firm’s output level. Show that at every turning point on the
average cost function, average cost and marginal cost are equal

(b) If R(q) represents the firm’s total revenue function, show that the
equalisation of marginal revenue and marginal cost is a necessary,
but not a sufficient, condition for profit maximisation. What is a
sufficient condition?

3. Let

Find

(a) AB
(b) A~

Hence solve the system of equations AB = C for z and .



5.

7.

Minimise y =2 + 22,15 + 422 subject to the constraint x4+ x5 = 1

(a) by substitution of the constraint, and

(b) by Lagrange’s method.

(a) What are the maximum and minimum values of the function
f(z) =ze™™ forz>0.
(b) Sketch the graph of this function.

A consumer’s preferences are represented by the utility function:
1 2

u=x] xj
where u denotes utility and x; and zs denote the quantities. If the
budget constraint is m = p;xr; + poxs, determine the demand func-
tions (that is, the optimal values of z; and z5 in terms of p;, ps, and
m) and show that the total expenditure on each commodity is not af-
fected by the price of either.

(a) Find the following integrals

i. [deidx
i [ Ade

il [(z+3)(z+1)%de

(b) Find the area under the following f(z) = bz* — 3z + 2 between
r=—zandz ==z
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8.

Find an expression for q as a function of ¢, by solving the following
difference equations

(a) ¢ —2q;-1 =0 g =1

(b) 2¢; — q—1 =16 qo = 2

Suppose that the quantities supplied and demanded for a com-
modity are given by:

qts =3pi—1— 5

g = 25— 2p,

where ¢f, ¢¢ and p; denote the quantity supplied, the quantity de-
manded and price at time ¢ respectively.

(a) Find the equilibrium price p* such that p* = p; = p;_1.
e explicit solution for p; in terms of ¢, given that p, = 4.
b) The explicit solution for p; in t £ ¢, given that p, = 4

(c) Is p* a stable equilibrium?



SECTION B

10

An economy produces output according to the production function

Qi = AK2L)

where (), is aggregate output at time ¢, K; is the level of capital, L; is
labour and A > 0.

(a)

(b)
()

Show that the conditions required for the marginal products of
capital and labour to be positive and decreasing are that 0 < a <
land 0 < B < 1.

Show that the production function is homogeneous of degree o +
g.
Euler’s theorem states that if a function f(z,y) is homogeneous
degree A then

daf daf

%-m—i-d—y.y:)\f(m,y).

Using Euler’s theorem, show that the aggregate production func-
tion given in Equation (1) can only be used to represent a com-
petitive economy, where the factors of production are paid their
marginal products, if it also exhibits constant returns to scale.

Assuming that the economy is competitive and the production
function is given by Equation (1), show that output per worker
can be written as an increasing and concave function of capital
per worker, that the slope of this new function is the marginal
product of capital, and that the share of total output assigned to
the labour force is 3
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11

Valva is a Dutch car manufacturer, producing left-hand drive cars
for the market in continental Furope and right-hand drive cars for the
UK market.

The demand for Valva cars on the continent is given by the equation
Qc = 94,000 — 4pc
and the demand for Valva cars in the UK by the equation
Quk = 60,000 — 2py
where pc is the continental price and pyg is the UK price (both de-

nominated in Euros).

Valva’s production costs are not affected by the positioning of the driv-
ing mechanism, and given by the equation

Q)= Q> where Q = Quk + Qc¢

(a) Write down Valva’s total profits as a function of the number of
cars supplied to each market.

(b) Determine the profit maximising production levels of right-hand
drive and left-hand drive cars.

(c) What prices will Valva charge in each market?

(d) If UK legislation is passed requiring Valva to equalise the (euro
denominated) price in both countries, what price will Valva cars
sell at? What impact will this legislation have on continental
consumers?



12 A model of aggregate demand in an economy takes the following
form:

Y=C+I+G (1)
C=Y-T-8 (2)
S=s(Y~T) (3)
T="Ty+tY (4)
[=a—br (5)
D=G-T (6)
M?*=aY — Br (7)
M* = M, (8)

where Y is national income, C' is consumption, [ is investment, S is savings,
T is tax revenue, D is the government deficit, r is the interest rate, M¢
is demand for money and M?* is the supply of money. The government is
able to exogenously determine the values of G, T and M;,. The parameters
a,b, s, t,a, 3 are all positive, and both s and ¢ are less than 1.

(a) Solve equations (1)-(5) for an expression to represent the IS curve.
Show that r decrease with Y along the IS curve.

(b) Solve equations (1)-(8) for the equilibrium values of Y and r.

(c) What is the impact of an increase in My, the exogenous money
supply, on the equilibrium values of Y7

(d) Identify a fiscal policy the government may adopt, which would in-

crease the level of national income while reducing the government
deficit. Justify your answer.
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13 A Cournot market consists of n identical firms which all individ-
ually select the quantity of a commodity to produce. Market demand
for the commodity is given by

P =100 —5Q

where

n
Q= Z gi,and g; is the output of firm 7.
i1

All firms posses an identical cost function, given by ¢;(¢;) = 2¢;.

(a) Calculate the profit maximising output level for firm 4, given that
all other firms have selected to produce the same given quantity,

q.
(b) Determine the ’symmetric equilibrium’ level of output, where all
firms are maximising profits and producing the same quantities.

(c) What is the market price and the level of profits earned by each
firm in equilibrium?

(d) Show that as the number of firms increases, the market becomes
increasingly competitive, with prices approaching marginal cost
and profits approaching zero.



14 A firm uses capital, k, and labour, [, according to the production
function
4Ing=Ink +1Inl

where ¢ is the quantity produced.

The firm can hire labour at wage w, capital at a rental rate r, and faces
demand for its product given by the function

g=10—2p
(a) Show that the firm’s cost function can be written ¢(q) = 2(wr)'/2¢%.
(b) Determine the profit maximising level of production in terms of w

and r

(c) How is the firm’s demand for labour affected by changes in the
wage rate?
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15 An individual gains utility from both consumption and leisure,
represented by the utility function

u(zx,l) = /434

where x is the level of consumption and [ is the number of hours of
leisure. The individual can work for as many hours as desired (up to a
limit of 24 per day!) at the wage rate w, and let p denote the price of
the consumption good.

(a) Write down the utility maximisation problem faced by the indi-
vidual.

(b) Show that, irrespective of the wage rate, the individual will choose
to work for 6 hours per day.

(c) If the government introduces a 10% sales tax on the consumption
good, how much revenue will be generated, and what will the effect
be on the individual’s utility?

(d) An alternative policy would be for the government to raise the
same revenue by imposing a lump sum tax instead of the sales
tax. What would the effect be on hours worked?

END OF PAPER
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