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SECTION A
Answer ALL FOUR questions

1. In probability theory, an important function is the so-called standard
normal density:

f(x) =
1p
2�
e�

x2

2

(i) Find the range of values of x where f(x) is concave.

(ii) Find an expression for the value of the maximum of the �rst-
order derivative of f(x) in terms of � and e:

2. Suppose that production in the economy is determined by the pro-
duction function

Y = F (K;L)

= K� ln (L+ �) ;

where K � 0 and L � 0:

(i) Compute the Hessian matrix of second derivatives of F (K;L)

(ii) Suppose that 0 < � < 1 and ln (�) > �
1�� :Using your result

from part i) show that F (K;L) is a concave function of K and
L.

3. (i) Let A be the square matrix given by

A =

�
3 �
� 1

�
Compute the determinant of A. What is the condition which
the variables � and � must satisfy to ensure that A is a nonsin-
gular matrix? Assuming that this condition is satis�ed, com-
pute A�1.

(ii) Let B be the square matrix de�ned by

B =

�
1 �
� 2

�
What is the condition which � must satisfy to ensure that B is
a positive de�nite matrix?

(iii) Find the extreme point of the function

x2 + 2y2 � 2xy

By using your result from part ii), or otherwise, show that this
extreme point is a minimum.
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4. Let y(t) be the reserves of oil in an oil pool at time t: Suppose that
extraction reduces reserves at a constant proportionate rate �: If
initial reserves at t = 0 were 500 million barrels,

(i) Solve for the expression showing reserves as a function of time.

(ii) Now assume that � = 0:1: Find the time at which 50% of oil
reserves have been used up.

[TURN OVER]



4

SECTION B
Answer ONE question

5. A consumer derives utility from consuming two goods. The value of
the utility from consuming x units of the �rst good and y units of
the second good is:

u (x; y) =
�p
x+ 2

p
y
�2

The price of the �rst good is £ 3, and the price of the second good
is £ 6. The consumer would like to spent exactly £ 30 on his total
purchase of the two goods. He also wants to maximize his utility
from consuming the goods.

(i) Derive the marginal utility functions @
@x
u (x; y) and @

@y
u (x; y) :

(ii) Derive the optimality conditions for the consumer�s constrained
utility maximization problem using the Lagrange method.

(iii) Find the optimal combination of the two goods.

(iv) Check that the combination that you have found in iii) indeed
provides the consumer with maximum utility rather than with
minimum utility.

6. Consider the following simple macroeconomic model of a closed econ-
omy

Y = C + I +G

C = �C + c(1� t)Y
I = �I + aY � br
G = �G

Md = �Y � �r
Md = Ms

where Y;C; I and G respectively denote national income, consump-
tion, investment and government expenditure. t denotes a propor-
tionate tax rate on income. Md;Ms and r denote respectively money
demand, money supply and the interest rate. �C; �I; �G and the para-
meters c; a; b; � and � are positive constants. Assume a+ c < 1.

(i) Derive a system of two equations, one giving the relationship be-
tween r and Y consistent with goods market equlibrium (the IS
curve), the other giving the relationship between r and Y con-
sistent with money market equlibrium (the LM curve). Write
this system of equations using matrix notation.
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(ii) Derive the determinant associated with this system of equa-
tions.

(iii) Hence, or otherwise, solve for the values of r and Y consistent
with macroeconomic equilibrium. Evaluate the e¤ect on the in-
terest rate of a fall in the autonomous component of investment
�I.

(iv) Suppose that, in response to a 1 unit fall in �I, the Government
expands monetary policy to maintain the initial level of output
(while maintaining government expenditure �G and the tax rate
t at their original levels). Compute the necessary change in the
money supply Ms. Are there values of the key parameters for
which such a policy will be ine¤ective?

[TURN OVER]
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SECTION C
Answer ALL FOUR questions

7. (a) In an experiment on extra-sensory perception (ESP), a subject
in one room is asked to state the colour (red or blue) of a card
chosen from a deck of well-shu­ ed cards by an individual in
another room. Half of the cards are red and half are blue, and
each card is replaced randomly in the pack after being turned
over. If, after 50 cards are turned over, the subject has identi�ed
32 cards correctly, determine whether the results are signi�cant
at the 5% level. Comment on your decision to use a 1 or 2 tailed
test.

(b) It is suggested that believing in the existence of ESP increases
the likelihood of doing well in the experiment in (a). In order to
test this, a sample of 100 subjects who believe in ESP is taken
along with a sample of 100 subjects who do not believe in ESP
and the experiment from part (a) is undertaken again to see
how many subjects score above average (where �above average�
is understood to mean that the candidate guessed more than
50% of the cards correctly). In the �rst group 75 obtain above
average results and in the second group 65 obtain above average
results. Is the claim supported at the 5% signi�cance level or
the 10% signi�cance level?

8. (a) If z � N(0; 1) and z1 is such that P (z < z1) = 0:0228, �nd z1.

(b) A population with standard deviation known to be of size 100
is hypothesised to have a mean of 400. Although the researcher
knows the mean can be no less than 400, she is unaware that
the actual value is 440.5. A sample of N observations is drawn
from the population to test the hypothesis at the 5% level of
signi�cance. If it turns out that the power of the test is in fact
0.9772 determine the size of the sample N.

9. When complete, Table 1 below contains a summary of the data for
the (total) population of a 100 people that constitute the members
of a UK village at a given point in time. Each column (vertical
array) of Table 1 gives the distribution of consumption expenditure
Y corresponding to a �xed level of income X; that is, it gives the
conditional distribution of Y conditional upon the given values of
X. Various values though have been removed.
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Table 1: Annual family income X; (£ 000s)

Y
# X�! 10 15 20 25 30 35 40 45 50 55

Annual 13 15 24
family 14 17 28
consumption 15 23 30
expenditure 16 25 30
Y, 17 32
£ (000s) 36

Number of 5 8 5 20 20 6 7 9 ? 10
families
receiving
annual
income X

You are told by a researcher with access to the total data set, that
the underlying population regression function takes the form:

E(Y jXi) = �+ �Xi

(a) Determine � and � using the information available to you, and
interpret your results.

(b) Determine the missing expenditure entry for X = 20.

(c) Determine total expenditure of the group of families that each
receive an income of £ 50K.

10. Discuss some uses of dummy variables in regression analysis. What
are the strengths and limitations of such a device?

[TURN OVER]
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SECTION D
Answer ONE question

11. (a) The following regression results were obtained using UK data
for the years 1973 to 2009:

b�t = 9:49
(2:71)

� 0:45Ut
(0:36) R2 = :041

(1)

where ��t�is price in�ation (measured by the rate of change of
the index of consumer prices), and �Ut� is the unemployment
rate (measured by the percentage of claimants in the working
population) at time t. Numbers in brackets are standard errors.

Interpret these results.

(b) In response to the perceived problems of the speci�cation in
(1), it is suggested that the relationship between in�ation and
unemployment takes the following form:

�t � �et = �(Ut � �0) + vt (2)

Interpret the two terms ��t � �et �and �Ut � �0�, where the su-
perscript e denotes an expected value, vt denotes a stochastic
error term and �0 is understood as the �natural rate�of unem-
ployment.

(c) In order to estimate (2), it is assumed that the expected rate
of in�ation is given by the following adaptive expectations for-
mulation:

�et = �
e
t�1 + �(�t�1 � �et�1) (3)

If expectations are not always ful�lled, what assumption is be-
ing made about �; in (3), if the researcher estimates (2) as
follows:

��t = �0 + �1Ut + vt (4)

(d) The following estimates of (4) were obtained using the same
data as in part (a) above:

�b�t = 3:04
(1:38)

� 0:44Ut
(0:18) R2 = :15

(5)

Interpret these results and obtain an estimate of the natural
rate of unemployment �0.
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(e) Another researcher suggests that although the assumptions about
expectation formation are sound, unemployment is actually the
dependent variable and that the following speci�cation is the
correct one:

Ut = 
0 + 
1��t + !t (6)

where !t is a stochastic error term.
The researcher then suggests that it is possible to obtain es-
timates of 
0 and 
t in two ways. The �rst method involves
deriving equation (6) from (4) and then simply using the es-
timates from (5) to estimate 
0 and 
1 directly. The second
method involves running a new regression based on the speci�-
cation given in (6), the results being as follows:

bUt = 7:23
(:04)

� :33��t
(:14) R2 = :15 b�2 = 2:3 (7)

Obtain estimates of the natural rate of unemployment using
each method and interpret your results. Comment on the re-
searcher�s assumption that these two methods are equivalent.

(f) You are told that in 1984 the change in in�ation is�0:18. Given
that the mean of �� in this sample is �:14 and that the sum of
the squared deviations for the di¤erence in in�ation (S����) is
287, use the results from (7) to predict the value of the unem-
ployment rate in 1984 and construct a con�dence interval for
your prediction. The actual unemployment rate in 1984 is 12%
�how does this compare with your prediction?

12. Consider an experiment where a fair coin is tossed 3 times.

(a) The sample space consists of all possible outcomes. How many
outcomes are there?

(b) We now de�ne two random variables as follows: X is the num-
ber of heads obtained in the �rst 2 tosses (i.e. toss 1 and 2); Y
is the number of heads obtained in the last two tosses (i.e. toss
2 and 3). Draw up a joint probability distribution table for X
and Y (i.e. a two-dimensional table listing the di¤erent values
of X and Y and the di¤erent probabilities associated with dif-
ferent combinations of these values). Check that the marginal
probabilities for each variable add up to one.

(c) Calculate E(X), E(Y ) and E(XY ), and use your results to
show that X and Y are not independent random variables.
What is the Covariance between X and Y ?

[TURN OVER]
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(d) Now draw up a second table showing the conditional probabili-
ties of X given di¤erent values of Y (i.e. p(XjY ) for each value
of Y �e.g the �rst element in column 1, row 1 would be 1/2).
Use this to �nd the conditional mean and variance for X given
Y = 2 i.e. E(XjY = 2) and V (XjY = 2).

END OF PAPER


