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Section A

A1 Let t be a real number. Consider the symmetric matrix 1 + t 1 1
1 1 + t 1
1 1 1 + t


Find all values of t for which it is positive definite and all values of t for
which it is positive semi-definite. Justify your answers BOTH in terms of
principal minors AND in terms of eigenvalues.

A2 Let inverse demand be given by P = a−bQ and let supply be given by P =
c+dQ where a, b, c, d are strictly positive parameters. Use Cramer’s rule to
solve for an equilibrium. What restrictions on the parameters are necessary
so that an equilibrium exists? What restrictions on the parameters are
necessary so that the equilibrium is unique? Carefully explain your answer.

A3 Let A 6= 0 be a (2× 2) matrix. Is it possible that Ak = 0 for some k? Give
an example or prove that it is impossible.

A4 The probabilities assigned to events on a sample space Ω satisfy the follow-
ing properties:

i. P (E) ≥ 0 for every E ⊂ Ω

ii. P (Ω) = 1

iii. if E ⊂ F ⊂ Ω, then P (E) ≤ P (F )
iv. if A and B are disjoint subsets of Ω, then P (A ∪B) = P (A) + P (B)

Provide a proof of the above.
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A5 (a) Let Sn be the number of successes in n Bernoulli trials with probability
p for success on each trial. Show using Chebyshev’s inequality that
for any ² > 0

P (|Sn
n
− p| ≥ ²) ≤ p(1− p)

n²2

(b) Let X be any random variable which takes on values 0, 1, 2, ..., n and
has E(X) = V ar(X) = 1. Show that for any integer k

P (X ≥ k + 1) ≤ 1

k2

A6 (a) Prove that for any three events A, B, C, each having positive proba-
bility

P (A ∩B ∩ C) = P (A)P (B|A)P (C|A ∩B)
(b) Prove that if A and B are independent so are

i. A and B̃

ii. Ã and B̃

where Ã denotes the complement of A.

(c) Prove that if P (A|C) ≥ P (B|C) and P (A|C̃) ≥ P (B|C̃) then P (A) ≥
P (B).

A7 (a) Find the solution of

ÿ + 5ẏ − 6y = 24e−2t

with initial condition y(0) = 0 and ẏ(0) = −15
(b) Find the solution of

xn+2 − 25xn = −1
with initial condition x0 = 0 and x1 = 11/24
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A8 Find and classify the stationary points of the function

f(x, y) = xy(3x+ 6y − 2)

A9 Given the following non-linear differential equations

ẋ = 2xy − x2
ẏ = 2− xy

(a) Determine the equilibrium points.

(b) Determine the stability of each of the equilibrium points.
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